A challenge in precision measurement with squeezed spin state arises from the spin dephasing due to stray magnetic fields. To suppress such environmental noises, we employ a continuous driving protocol, rotary echo, to enhance the spin coherence of a spin-1 Bose-Einstein condensate in stray magnetic fields. Our analytical and numerical results show that the coherent and the squeezed spin states are preserved for a significantly long time, compared to the free induction decay time, if the condition hτ = mπ is met with h the pulse amplitude and τ pulse width. In particular, both the spin average and the spin squeezing, including the direction and the amplitude, are simultaneously fixed for a squeezed spin state. Our results point out a practical way to implement quantum measurements based on a spin-1 condensate beyond the standard quantum limit.
I. INTRODUCTION
Precision measurement with quantum entanglement and squeezed quantum state has the merit of measurement beyond the standard quantum limit [1, 2] . A spinor Bose-Einstein condensate (BEC) provides such a potential opportunity for quantum metrology with its wonderful controllability and fine-tuning in practical experiments [2] [3] [4] [5] [6] [7] [8] [9] . However, dephasing due to the stray magnetic fields in laboratories prevents the spinor BEC from wider applications and higher precisions, such as the quantum many-body ground state of an antiferromagnetic spin-1 BEC [3, 10] . Suppressing the environmental noises such as the stray magnetic field becomes a long-standing challenge for quantum metrology and many-body quantum phase transition experiments utilizing spinor BECs [9, [11] [12] [13] [14] [15] .
Many theoretical and experimental investigations have contributed to the suppressing of the stray magnetic fields. Some of these ideas are borrowed from the fields of nuclear magnetic resonance and quantum information and computation, such as the quantum error correction and dynamical decoupling with hard pulses [16] [17] [18] . For a spinor BEC system, there are also a few unique methods, such as the magnetic shield room, active compensation, and the spin Hahn echo pulse sequences [3, [19] [20] [21] [22] [23] [24] [25] . These methods suppressed the stray magnetic fields to a much lower value, e.g., 1 nT in a recent work by Eto et al. [11, 12] . However, such a method is rather costly and the second order Zeeman effect of the strong driving field in the spin Hahn echo would prevent the method from perfect elimination of the noises [23, [26] [27] [28] [29] .
In this paper, we propose to use the dynamical decoupling protocols, rotary echo (RE), with continuous driv- * Corresponding email: wxzhang@whu.edu.cn ing pulses in stead of the hard ones in δ shape (see Fig. 1 for a comparison), to avoid the error accumulation with time [26] [27] [28] [29] [30] [31] [32] [33] [34] . Specially, for a spinor BEC, the main noise source includes the local phase noise from stray magnetic fields and the radio frequency intensity noise [35, 36] . The contribution of the magnetic-field gradient is usually negligible due to the advanced experimental controllability and the smallness of the condensate (∼10µm). We apply the RE protocol in a spin-1 BEC, which is dephased by stray magnetic fields, and evaluate the performance of the RE protocol for two interesting condensate spin states, the coherent spin state and the squeezed spin state. We find that the RE protocol extends significantly the coherent time of the system if the continuous-pulse duration is close to its magic values, τ = mπ/h (m = 1, 2, 3, · · · ) with h the driving field strength. Our results point to a different direction to suppress the stray magnetic field effect in spinor BECs and to utilize the squeezed spin state in quantum metrology beyond the standard quantum limit [37] .
The paper is organized as follows. In Sec. II, we describe the spin-1 BEC system and the RE protocol, including the effect of the stray magnetic fields along z axis and the driving field along x axis. In Sec. III, we evaluate the performance of the RE protocol in preserving the spin average and the squeezing parameter for two interesting condensate spin states, the coherent spin state and the squeezed spin state. We give conclusions and discussions in Sec. IV. The RE is a symmetric sequence consisting of N cycles. Within each cycle, the driving field direction is reversed between +x and −x, denoted by +h and −h, respectively. The two outer segments are along +x for a duration time τ and the inner segment along −x for a duration time 2τ . The period of a single cycle is T = 4τ . After N cycles, the total time is t = 4N τ . atoms, and b x,y,z = −g F µ B B x,y,z .
By defining the angular momentum, i.e.,
Hamiltonian H a is rewritten in a simple form,
The constant term −2AN is omitted since the total atom number N is conserved in experiments. Therefore, the Hamiltonian of the system becomes
For a ferromagnetic spin-1 condensate, the SMA is valid in a wide range of magnetic fields [41, 42] . For such a ferromagnetic state, the total angular momentum J equals to the total number of atoms N at zero magnetic field. When the system is in a noisy environment, for example, in stray magnetic fields, the total magnetic field includes two sources: the applied external magnetic field and the stray magnetic field. In general, the external magnetic field is applied purposely and controlled accurately, but the stray magnetic field is noisy and needs to be suppressed since it usually causes the system to decohere in a short time.
In order to suppress the stray magnetic field and enhance the coherence of system, we employ the RE sequence as shown in Fig. 1(a) . Compared to the Hahn spin echo[ Fig. 1(b) ], the RE shows significant advantages: besides the prevention of the error cumulation after many pulses, the applied magnetic field is much smaller than that in a Hahn echo and the quadratic Zeeman effect can be safely neglected.
For a typical RE protocol, the direction of the applied magnetic field (or the phase of driving) is periodically reversed between +x and −x. As shown in Fig 2, during each cycle, the driving field is along +x for a duration of τ , then turned to −x for a duration of 2τ , and turned back to +x subsequently. The cycle period is T = 4τ . The complete Hamiltonian during a RE cycle is described by
where h is the amplitude of the driving field, ± indicate the direction of driving field. Here we have assumed the spin interaction is ferromagnetic c 2 < 0 and the minus sign before H ± has been omitted without loss of generality. Hence, we consider h = µ B g F B x , A and w = µ B g F B z positive hereafter, where B x (B z ) is the strength of the driving (stray) magnetic field.
III. SUPPRESSING THE STRAY MAGNETIC FIELD EFFECT WITH ROTARY ECHO
For a single cycle RE, the time evolution operator is
For a given w, the evolution of the system is essentially an SO(3) rotation in spin space; thus the evolution operator can be written as exp (−iθJ n ), where J n = J · n with n being the rotation axis and θ the rotation angle. From the Hamiltonian Eq. (4), we find θ = τ √ h 2 + w 2 and
Since it contributes nothing to the rotation, the term AJ 2 in the Hamiltonian Eq. (4) is neglected here and reconsidered as needed. It is easy to find the rotation matrix of the outer and the inner segment of the RE cycle (shown in Fig. 2) , respectively,
where p 1 = 1 − cos θ and p 2 = 1 − cos 2θ. As a RE cycle we consider has a time-reversal symmetry, which cancels all the odd terms proportional to J y in the average Hamiltonian [43] , only the even terms with J x and J z are left. Therefore, the total rotation within the RE cycle isŨ = exp(−iαJ n ) withJ n =ñ x J x +ñ z J z , and the rotation matrix becomes,
with q 1 = 1−cos α. With the relationshipR = R + R − R + , the rotation angle α and the directionñ x andñ z are
where we have defined cos β = n x and sin β = n z . The single cycle evolution operator Eq.( 5) eventually becomes a single exponential
It is then straightforward to obtain the full N -cycle evolution operator
with λ = N αñ x and γ = N αñ z . In the analytical result Eq. (7), if θ = mπ (m = 1, 2, 3, · · · ), cos α = 1, thus α = 0 and the evolution operator U becomes unity, which indicates that the given magnetic field effect is exactly canceled by the RE sequence.
Here we emphasize that the spin interaction term AJ 2 in Eq. (4) can not be excluded from the Hamiltonian of the BEC system, though it has no contribution to the results of our calculation. First, AJ 2 is a natural ingredient of the spinor BEC, which is often used to generate a special squeezed spin state, a twin-Fock state [35, 36] . Second, we consider a ferromagnetic interaction c 2 < 0 so that a ferromagnetic coherent state (the ground state of the system) is stable and useful for a practical magnetometer. In addition, the RE driving field and the stray magnetic fields are small enough to omit their quadratic Zeeman effect; thus there is no necessity to consider the spin mixing dynamics of the driven spinor BEC [44] .
In the following, we will numerically examine the performance of the RE sequence for two most interesting states: the coherent spin state (CSS) and the squeezed spin state (SSS). We will monitor the spin average for both states and the squeezing parameter for the SSS.
A. Coherent spin states
We consider an initial coherent spin state which is fully polarized along y axis and evolves under the total Hamiltonian Eq. (4). We assume the stray magnetic-field effect as white noise, i.e., a series of random numbers ranging from 0 to w c . We set the energy unit as w c = 1 and the corresponding time unit is w −1 c = 1. Other terms with A and h are all scaled with w c . For a typical spin-1 BEC experiment, such as 87 Rb, the stray magnetic fields are in the order of 1 mG, i.e., roughly 3 kHz in energy. For a magnetic shield room with permalloy plates, the stray field can be further reduced down to 0.1 mG [11] . The free evolution of the system, i.e., the free induction decay (FID), is often manifested by the decay of the transverse magnetization or the spin average
where ψ(t) is the wave function of the condensate spin at time t. In the stray magnetic fields, the condensate spin only precesses around z axis and is dephased with a characteristic time T * 2 . It is easy to find the FID signal J y (t) = J sin(w c t) w c t and the dephasing time is in the order of T *
c , as also shown in Fig. 3 .
By including the driving field h, the dephasing due to the stray magnetic field is suppressed by the REs, i.e., the spin average is larger than the FID signal. It is straightforward to calculate the spin average for a given w at t = 4N τ J y (t) = J cos ( λ 2 + γ 2 ), where we have adopted the N -cycle evolution operator in Eq. (9) . For a distribution of many w's, we find with N r being the number of random samples. Since each stray magnetic field frequency w i is untrackable, we consider the strong driving regime, h ≫ w c , which is often the case in a practical precision measurement experiment. Hence, when hτ = mπ, J y (t) barely decay.
To check the validity regime for h ≫ w c , we carry out numerical calculations and present both analytical and numerical results in Fig. 3 . For the parameters we choose (g 0.05, where g = w c /h), the analytical and numerical results agree well. As shown in Fig. 3 , the RE sequence always suppresses the stray magnetic-field effect and improves the spin average, no matter what value of τ is. As τ increases from a small value, the performance of the RE protocol becomes better, i.e., the spin average at a fixed time becomes larger. In particular, the spin average is almost a constant if the magic condition τ = π/h is satisfied [see also Fig. 1(a) ]. We remark that such a magic τ exists simultaneously for all w i , instead of a single one. Once τ > π/h, the spin average drops with τ increasing. In addition, our numerical results for J = 10 and J = 100 agree exactly, indicating that the performance of the RE protocol is independent of the spin size J. Finally, we compare the evolution of spin average under the magic REs and Hahn echoes with the same cycle period 4τ = 0.2π. The pulse amplitude and width of the Hahn echoes are, respectively, 10h = 200 and 0.1τ = 0.005π. The performance of the magic RE protocol is essentially the same as that of the Hahn echo.
To investigate the effect of various τ , we further calculate the spin average under RE sequences for different τ s and present the results in Fig. 4 . We see clear periodicity of τ = mπ/h where the spin average is almost conserved, from Fig. 4 . In addition, the good performance region, where the spin average is close to J (red region in Fig. 4) , becomes larger as m increases. 
B. Squeezed spin states
We next consider the most interesting spin state, the SSS, which is widely used in precision measurement and quantum metrology. For such a spin state, besides its spin average J y (t), we are also interested in the spinsqueezing parameter ξ 2 s , which represents the optimal or most squeezed transverse spin fluctuation [14, 45, 46] ,
where n ⊥ denotes a transversal direction perpendicular to the spin average direction and the minimization (numerically) runs over all the transversal directions. The squeezing parameter ξ A SSS can be generated by a one-axis or two-axis twisting Hamiltonian from an initial CSS with polarization along y axis [46] [47] [48] . In this paper, we adopt the two-axis twisting method in which the optimal squeezing direction is invariant during the evolution [45] . The nonlinear twoaxis twisting Hamiltonian is
The SSS is generated with spin average along y axis, optimal squeezing direction along z axis, and ξ s = 0.0009 at t = 0.002/χ for J = 10 3 . After the preparation of the SSS, the H T AT is turned off. The spin state should be preserved without the stray magnetic fields. However, the SSS evolves by taking into account the stray magnetic fields. As shown in Fig. 5 , the spin average drops rapidly in the time scale of w −1 c , but the spin squeezing parameter ξ 2 s is not changed, nor is the optimal squeezing axis which is the same as the initial one.
By applying the driving field h along ±x axis, both the spin average and the optimal squeezing axis are in general varying with time, but the optimal squeezing parameter ξ 2 s is always unchanged, as shown in Fig. 5 . To better evaluate the performance of the RE protocol, we introduce the z-axis spin squeezing parameter
For a perfect RE protocol, the initial SSS is preserved; thus both the spin average J y and the z-axis spin squeezing parameter ξ 2 should be fixed. We numerically simulate the time evolution of the condensate spin with the total Hamiltonian Eq. (9), starting from an initial SSS. The spin average, the z-axis spin squeezing parameter ξ 2 , and the optimal spin squeezing parameter ξ 2 s are presented in Fig. 5 . The weak driving h = 2 (g 0.5) case and the strong driving h = 20 (g 0.05) case are both included.
In the cases of weak driving, the spin average increases with τ increasing at a fixed time, indicating that the RE protocol works for preserving the spin average. However, the spin average still drops significantly in an intermediate time even at the magic condition τ = π/h. Furthermore, the squeezing parameter ξ 2 increases to pretty large values for all the weak driving cases. The larger the τ is, the bigger the squeezing parameter ξ 2 is. Therefore, the weak driving RE protocol is not good at preserving the SSS and suppressing the stray magnetic-field effect.
In the cases of strong driving, the spin average at a fixed time becomes larger with a bigger τ . Particularly, the spin average is almost a constant at the magic condition τ = π/h. More remarkably, the squeezing parameter ξ 2 increases only slightly at times much longer than the dephasing time T * 2 ∼ w −1 c . Our numerical results confirm that the RE protocol with strong driving preserves not only the spin average but also the spin squeezing, including the amplitude and the direction. However, as a comparison, the Hahn echo protocol only preserves the spin average rather than the spin squeezing parameter. Therefore, the stray magnetic-field effect can be significantly suppressed by the RE protocol at magic condition τ = mπ/h with h ≫ w c .
IV. CONCLUSION
We investigate with analytical and numerical methods the performance of the rotary echo protocol in suppressing the effects of the stray magnetic fields. Our results show that the RE protocol with strong driving field h at magic condition τ = mπ/h well preserves the spin average for a coherent spin state of a spin-1 Bose condensate. Moreover, for a squeezed spin state, the same magic RE protocol simultaneously preserves not only the spin average but also the spin squeezing, including the amplitude and direction. Such a consequence of the RE protocol on spin squeezing has not been well appreciated in previous investigations in nuclear magnetic resonance community. The effects of the stray magnetic fields are significantly suppressed by the magic RE protocol. To implement the RE protocol in spin-1 BEC experiments, the applied driving field can be as small as ∼ 1 mG for a magnetic shield room and ∼ 10 mG for an ordinary laboratory, much smaller than the field applied in standard Hahn spin echo experiments (∼ 100 mG) [3, 11, 12, 23] . Our results provide a practical method to control the stray magneticfield effect in spinor BEC experiments and may find wide applications in precision measurement and quantum metrology, quantum phase transition, and ground-state properties in spinor Bose condensates [3, 37, 49] . The comparisons are shown in Fig. 6 . Clearly, the RE protocol also suppresses the colored noises and the performances of the RE protocol in the colored noises are actually better than in the white noise, i.e., the spin averages are higher and the spin squeezing parameters are lower.
